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Abstract

This present work focused on new nozzles design method, based on the characteristics
method, which is a technique method to reduce a partial differential equation to linear differential
equations along which the solution can be integrated from initial conditions. The latter is developed
under the real gas theory, because when the both pressure and temperature of a gas increases, the
specific heat and their ratio do not remain constant anymore and start to vary with the gas
parameters. The gas doesn’t stay perfect, and it becomes a real gas. The presented equations of the
characteristics remain valid whatever area or field of study. With the assumptions that Berthelot’s
state equation accounts for molecular size and intermolecular force effects, expressions are
developed for analyzing the supersonic flow for thermally and calorically imperfect gas. The
resolution has been made by the finite differences method using the corrector predictor algorithm. As
result, the developed mathematical model used to design 2D minimum length nozzles under effect of
the stagnation parameters of fluid flow. A comparison for air with the perfect gas PG and high
temperature HT models on the one hand and our results by the real gas theory on the other of nozzles
are made. An important gain of length and weight can rise up to 40% and 20% respectively. Itisin
this context that Minimum Length Nozzle (MLN) nozzles for aerospace engines based on real gas
theory were developed to achieve maximum thrust with the smallest possible nozzle weight (minimum
length).

Introduction

In mathematics, the characteristics method is a technique for solving partial
differential equations. Particularly suitable for transport problems, it is used in
many fields such as fluid mechanics or particle transport [1]. In some particular
cases, the characteristics method may allow the purely analytical resolution of the
partial derivative equation. In more complex cases (encountered for example in
modeling of physical systems), the characteristics method can be used as a method
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for the numerical resolution of the problem. For a first order partial differential
equation, the characteristics method looks for curves called characteristic lines or
more simply characteristics along which the partial differential equation is reduced
to a simple ordinary differential equation. The resolution of the ordinary
differential equation along a characteristic makes it possible to find the solution of
the original problem.

The need for improving the performance of supersonic nozzles plays a very
important role in the field of propulsion and aerospace engineering. The supersonic
nozzle contains a very important weight in an engine, including missiles and
supersonic aircraft [2]. The weight of the nozzle can reach 80% of the total weight
of the engine [3, 4]. So it's interesting to find physical solutions generally to the
different problems for improving performances. The performance of a supersonic
nozzle is usually the mass of the structure, the thrust coefficient, the exit Mach
number delivered, since the design of the nozzle is made on the basis of a non-
viscous fluid.

Among several known types of nozzles in aerospace industry. it is expected
that there are about twenty forms of nozzles; one is interested in our work with the
nozzle with centered expansion or by the Minimum Length Nozzle (MLN) nozzle
[5, 6], for reason that the international construction of several aerospace projects
currently use this type of nozzle [7]. The resolution of the conservation equations is
done in the first step by the characteristic method in order to transform these
equations to simplified coupled nonlinear algebraic equations according to
privileged directions called the characteristics. In this case the equations obtained
are considerably simplified, but the mesh calculation becomes very complex [8].
The mesh generation is done in parallel with the calculation of the parameters of
the flow.

After a literature search, it has been noted that the majority of published
work in the field of supersonic nozzle design is based on the use of two models
which are either the perfect gas model with constant specific heat CP [9, 10] or the
high temperature model when CP is a function of temperature [11]. These
assumptions will not take into account the real behavior of the gas when the
stagnation pressure is high. In this case, the mathematical model of the calculation
changes and must be completely revised.

With the advent of space propulsion, engine manufacturers were
constrained by a specification limiting the weight and length of the diverging part
of a nozzle, to be defined, according to the optimum of the sections ratio and the
weight, while trying to minimize thrust losses compared to the ideal nozzle. The
problem encountered in aerospace applications is that the use of nozzles designed
on the basis of the perfect gas assumptions degrades the performance desired by
this nozzle [12]. If we take measurements by experience, we will find values
different from those determined by calculation; especially if the stagnation
temperature and pressure of the combustion chamber are high. As current and
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future rocket engines have to be adapted to high pressures and temperatures, the
concept of an ideal nozzle is excluded because it would lead to a length and a
weight of the divergent which are prohibitive [13]. Engine manufacturers
constrained by a specification limiting the weight and length of a space engine
nozzle are led to seek an optimum of the thrust-to-weight ratio for a fixed sections
ratio.

In this work, we will present the method of design and dimensioning of
two-dimensional centered expansion type nozzles or MLN nozzles using the new
form of method of the characteristics. We have added the effect of the gaseous
imperfections on all parameters and then the method becomes a function of the
temperature and the density, and strongly stays valid when the stagnation
temperature and pressure of the combustion chamber are high, lower than the
dissociation threshold of the molecules.

Materials and Methods

The application of the minimum length nozzle with straight sonic line is
used for hypersonic wind tunnels as well as rocket motors [14]. The study is
limited for the case of the two dimensional minimum length nozzles.

y
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Fig. 1. Presentation of the flow field in the bidimensional centered expansion nozzle

Fig. 1 illustrates the general scheme of the minimum length nozzle with
straight sonic line and represents the characteristics of the flow field in different
regions [5]. This nozzle is called a centric expansion nozzle (MLN). The flow
between the throat OA and the uniform region BES is divided into two regions.
The OAB region, called by Kernel region, is a region of non-simple waves. The
triangular region BES is a uniform flow region with exit Mach number Me. In this
contest, the wall, at the throat, is inclined at an angle &".
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For a supersonic, irrotational, adiabatic flow, the characteristic method
gives the following equations, called equations of characteristics and
compatibilities [6]:

According to & (1-3):

d(v+9):53m0.smyd§
) dy

— =t 6-

dx an( “)

According to n (2-3):
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Equations (1) and (2) are valid for C and C*, respectively, as shown in
Fig. 2. In the real case, the characteristics are curved, and if the mesh is fine so that
the points are close to each other, we can bring the curvature by a straight line, the
calculation will be on the lines of Mach named & on characteristic C° and 1 on
characteristic C* as shown in Fig. 2.

Fig. 2. Hlustration of characteristic lines and Mach lines.

The relationships in the system of equations (1) and (2) are developed for
our model in previous work:
The new form of Prandtl Meyer function is given by [15]:
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The Mach number and the Mach angle are given by [10]:

a0y M TA=(VTA/CT0)

ay M@ =acsin(yma. )

The integration of the systems (1) and (2) gives:
According to & (1-3):
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When our systems have five unknowns (x, y, 0, T and p), we need to add
another equation presented as follows:

According to & (1-3):
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According to 1 (2-3):
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As mentioned, the characteristics C- and C + are curves, the application of
the method of the characteristics obliges to introduce a fine mesh in order to
approximate each characteristic between two points by segments of straight line
[18]. The properties (X, y, T, 0, p, P) at a point of flow field can be determined
from those of the two points connected with the point considered by the
characteristic lines which precede it. For example the properties in point 3 of Fig. 2
can be determined from those of points 1 and 2 which connect them.

Error of Perfect Gas and High Temperature Models

The mathematical perfect gas model is developed on the basis to regarding
the specific heat Cp and ratio Y as constants, which gives acceptable results for low
temperature. According to this study, we can notice a difference on the given
results between the perfect gas model and the developed model. The error given by
the PG model compared to our RG (real gas) model can be calculated for each
parameter. Then, for each value (Po, To, M), the ¢ error can be evaluated by the
following relationship [19, 20]:

Parameter Py, Ty, M
(16) Eparameter (0) =|1- PG or HT( 00 ) x100
Parameter pg(Py,To,M)

As a rule for the aerodynamic application, the error should be lower
than 5%.

Results and Comments
Effect Of Discretization And Mesh Refinement On The Convergence

Fig. 3, shows the steps of the mesh by the insertion of the additional
characteristics Ni between the sonic line and the first descending characteristic as
well as the injection of a condensation function A between the two last descending
characteristics, the final quality of the mesh of the 2D MLN nozzle for A8 = 0.6°,
Ni =10 and A = 8. It can be said that the number of N¢ points found on the last C-
depends on the exit Mach number, the stagnation temperature To, the stagnation
pressure Po, the step A0, the number of inserted characteristics Ni, the coefficient of
condensation A. Note that it is very interesting to refine the mesh on the wall in the
vicinity of the neck, because the nature of a supersonic flow determines the
properties at a point as a function of two points which are upstream. Then, a poor
presentation of the wall at the thoat will propagate and enlarge the errors at the exit,
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and therefore, we will determine a bad pace of the wall. The control of the results is
done by the use of the ratio of the sections which remains always valid since the
flow at the exit of the nozzle is uniform and parallel.

Fig. 3. Refinement of the mesh in the Kernel zone of the MLN 2D nozzle with the effects
of the insertion of additional characteristics Ni and the condensation coefficient A

Effect Of The Stagnation Conditions To And Po On The Wall Shape

Fig. 4, represent the variation of the nozzles shape y / y* obtained when the
exit Mach number Ms is equal to 1.50, 3.0 and 6.0 given respectively by the
stagnation temperatures To = 1 000 K, 2 000 K, and 3 000 K and for the stagnation
pressures Po = 1 bar, 10 bar, and 100 bar, as a function of the abscissa number x /
y*, of the RG model compared to the PG and HT models. We note that the increase
of the ratio x / y* for different models leads to an increase of y / y *, we also note
that the variation of the stagnation temperature for the values Po = 1 bar, 10 bar and
100 bar, influences on the ratio y / y*, the shape decrease when Py increases, which
is not the case for the PG and HT models, this reduction is more important and
remarkable when the stagnation pressure Py and the exit Mach number are high
(see Fig. 4.f ), hence the need to use the RG model to correct the results, and to
show the effect of the stagnation pressure Py on the design. Between the figures
presented, we can say that if the stagnation pressure Po increases, the difference
between the GP, HT models and our RG model enlarged and becomes
considerable, independently of the exit Machnumber Ms, or from Ms> 2.00 for any
pressure Po. This limit can be found if we choose an ¢ error less than 5%.
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Fig. 4. 2D MLN nozzle shapes for some exit Mach number values

Variation Of The Parameters Through The Nozzle

Fig. 5 represent the variation of the Mach number along the wall of the
nozzle as a function of the ratio x / y*, for the HT, GP and RG models. We can
clearly remark that the increase in the Mach number for M = 1 at the collar at
M = M* just after the expansion, then at M = Ms at the exit section of the nozzle.
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The example taken here is for Ms = 6.00. There is an uniform Mach number
constant along the wall near the throat regardless of To and Po, which is interpreted
by the existence of a nearly uniform flow zone in this region for this type of nozzle.
The increase in the Mach number through the wall is interpreted by the expansion
of the gas to the exit section.
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Fig. 5. Variation of the Mach number along the wall of the nozzle for Mg = 3.0

Conception Parameters

Figs. 6-9 present, the variation of the Kernel zone length, the total length,
the nozzle structure weight and the exit section area of the nozzle respectively, as a
function of Mach number Mg and Ty, for GP, HT and RG models, it is noted that
the more the nozzle delivers a high exit Mach number, the higher these results
become important. The purpose of the presentation of this variation is that, from
the length of this zone, one can deduce the length of the nozzle directly without
making the calculation of the flow in the transition zone. Always note that the
curves are confused at low Mach number up to about Mg = 2.00. From this value,
the curves start to differentiate, and the results obtained by our RG model are away
from those obtained by the HT model when the temperature T, increases, we can
say that the perfect gas theory gives good results if this condition is verified. From
these results it can be said that there are significant gains in the length and weight
of the nozzle.
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Fig. 10 shows, the variation of the thrust coefficient Cr versus exit Mach
number, for HT, PG and RG models, we note that the increasing the Mach number
for different models leads to an increase of thrust coefficients, and the variation of
the stagnation temperature, e.g. for To= 1 000 K, 2 000 K, 3 000 K, influences the
Cr values. Therefore, the Cr coefficient increases when Ty increases, which is not
the case for the perfect gas model. Otherwise, if the exit Mach number is less then
Me = 2.0, we note that the three PG, HT and RG models are confounded, and
moving away when Ms increases. For instance, if Ms = 5.0 and To = 3 000K,
Cr = 1.65234 for the PG model, Ce = 1.73381 for the HT model, Cr = 1.73004 for
RG model, with a relative error between the HT model and for our RG model equal
to ¢ = 1.22%. Therefore, when the stagnation parameters increases the thrust
coefficient Cr obtained by the RG model moves away from those obtained by HT
model, which shows the effect of the stagnation parameters on the nozzle
performances.
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Fig. 10. Variation of the pressure force exerted on the nozzle wall
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Results On The Conception Errors

Fig. 11 presents, the variation of the relative error given by the length and
the exit section area of the nozzle given respectively by the generating
temperatures To = 1000 K, 2000 K, and 3000 K, it is clear that the error depends on
the values of To and Me , and increases if Mg increases, and decreases if the
temperature T, increases. For example, if To = 1000 K and Ms = 6.00, the use of
the HT model will give us a relative error equal to € = 36.03%, the latter will
decreases up to € = 15.56% when temperature To = 3000 K for the length of the
nozzle. It is clear that if we choose an error for example lower than 5%, the PG
model may be used, if Ty is less than 1000 K for any value of the Mach number. If
an author accepts an error greater than 5%, he can use the PG model in moderate
interval of M, Po and To.

It may be noted that, at low values of Mg, the error ¢ is small. In these
figures we find the error below 5%. This position is interpreted by the possibility of
using the PG model for the aeronautical applications, if we accept an error less
than 5%. Otherwise, if the temperature Ty is low, the error increases progressively,
in this case, we can use the PG model independently to the temperature To, when
the Mach number does not exceed M = 2.0 with an error of about 5.5%.
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Fig. 11. Variation of the relative error given by the length and the exit section area
of the nozzle
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Conclusion

From this study, we can highlight the following points:

If we accept an error lower than 5%, which is generally the case for
aerodynamic applications, we can study a supersonic flow using the relationships
of a perfect gas, if To is less than 1000 K for any value of the Mach number, with a
stagnation pressure well definite and moderate.

The PG model is represented by explicit and simple relations and does not
require much time to make calculation, which is not the case for our RG model,
where it is presented by solving a nonlinear algebraic equations, solving a nonlinear
algebraic equation system formed by three equations and derivation and integration
of a complex analytical functions require and take more for calculation time and
numerical programming and data processing.

At low temperature, the difference in results obtained between the PG and
RG models is small, which gives the opportunity to study RG flow using the PG
relations, especially when Pg increases. By cons, when Ty increases, the PG theory
starts to give results moving away progressively from the real cases, where we
need to use the RG model.

At low pressure, the difference in results obtained between the HT and RG
models is small, which gives the opportunity to study RG flow using the relations
HT, especially when Ty increases. Otherwise, when Pg increases, the HT theory
starts to give results moving away progressively from the real cases, where we
need to use the RG model.

If the MLN 2D nozzle of the RG model all deliver the same exit Mach
number Mg as delivered by the MLN 2D nozzle for HT and GP models, they all
however have a mass lower than it. This gain in mass can increases up to 20%,
which is very significant in aerospace applications. But their thrust coefficients
remain constant because they have the same exit Mach number Me.

Significant gains was found on Kernel length and the total nozzle length, as
well as the nozzle exit section area and the nozzle structure weight, then an
improvement in nozzle performance by reducing the volume occupied by the
nozzle and its mass, this variation of the weight can replace the increase of the
payload of the apparatus.

Since the flow at the exit section is horizontal, the nozzle may be truncated
to a section having a velocity deviation of one or two degrees. In this case, we
make a large gain in mass and reduce the weight. The flow at the exit of the
truncated nozzle becomes inclined in the vicinity of the wall, and in this case the
pressure force exerted on the inner wall of the nozzle will decrease slightly.

181



References

1. Al-Ajlouni, M. An Automatic Method for Creating the Profile of Supersonic
Convergent-Divergent Nozzle, Jordan J Journal of Mechanical and Industrial
Engineering.,2010, 4, 3, 404-11.

2. Malina, F. J. Characteristics of the rocket motor based on the theory of perfect gases, J.
Franklin Inst.,1940, 230, 433-50.

3. Annamalai, K. K., Ishwar, and P. Milind, A. J. Advanced Thermodynamics
engineering. USA, 2" edition, CRC press: Taylor and Francis Group, 2011, 1142,

4. Peterson, C. R., and Hill, P. G. Mechanics and Thermodynamics of Propulsion. New
York, Addition-Wesley Publishing Company Inc, 1965, 754.

5. Zebbiche, T., and Youbi, Z. Supersonic Two-Dimensionnel Minimum Length Nozzle
Design at High Temperature. Application for Air, Chinese Journal of Aeronautics.,
2007, 20, 01, 29-39. https://doi.org/10.1016/S1000-9361(07)60004-1.

6. Zebbiche, T., and Youbi, Z. Supersonic Two-Dimernsional Minimum Length Nozzle
Design at High Temperature. Application for Air. 42t AIAA/ASME/SAE/ASEE
Joint Propulsion Conference & Exhibit, Sacramento, California, 9 - 12 July 2006,
AlAA-2006-4599.

7. Sutton, G. P. Rocket Propulsion Elements. 8™ edition, New Jersey, USA: John Wiley
& Sons Inc., Hoboken, 2010, 792.

8. Serra, R. A. Determination of Internal Gas Flows by a Transient Numerical Technique,
AIAA Journal., 1972, 10, 5, 603-11.

9. Anderson, J. D. Fundamentals of Aerodynamics. McGraw-Hill Book company, New
York, 1988, 1152.

10. Anderson, J. D. Modern Compressible Flow With Historical Perspective. 2™ edition,
New York, USA: McGraw-Hill Book Company, 1992, 466.

11. Zebbiche, T., and Youbi, Z. Effect of Stagnation Temperature on the Supersonic Flow
Parameters with Application for Air in Nozzles, The Aeronautical Journal., 2007,
111, 1115, 31-40. https://doi.org/10.1017/S0001924000001731.

12. Zebbiche, T., and Youbi, Z. Design of Two-Dimensional Supersonic Minimum Length
Nozzle at Higth Temperature, Application for Air. German Aerospace Congress,
Friendrichshafen, Germany, 26-29 Sep. 2005, DGLR 2005-257.

13. Argrow, B. M., and Emanuel, G. Computational Analysis of the Transonic Flow field of
Two-Dimensional Minimum Length Nozzles. 20th Fluid Dynamics, Plasma
Dynamics and Lasers Conference, Buffalo, NY, 12-14 June 1989, AIAA-1989-
1822.

14. Argrow, B. M., and Emanuel, G. Comparison of Minimum Length Nozzles, Journal of
Fluids Engineering., 1988, 110, 283-88. https://doi.org/10.1115/1.3243546.
15.Salhi, M., and Zebbiche, T. A New General Form of Prandtl Meyer
Function,Application on Air. 8" AIAA Theoretical Fluid Mechanics Conference,

Denver, Colorado, USA, 5-9 June 2017, 2017. AIAA 2017- 2621484, APA-11.

16. Salhi, M., Zebbiche, T., and Mehalem, A. Stagnation pressure effect on the supersonic
flow parameters with application for air in nozzles, The Aeronautical Journal.,
2016, 120, 1224, 313-54. DOI: https://doi.org/10.1017/aer.2015.13.

182


https://doi.org/10.1016/S1000-9361(07)60004-1
https://doi.org/10.1017/S0001924000001731
https://doi.org/10.1115/1.3243546
https://doi.org/10.1017/aer.2015.13

17.Salhi, M., and Roudane, M. Numerical Investigation of the Thermal Caloric
Imperfections on entropy Enhancement across Normal Shock Waves, High
Temperatures High pressures Journal., 2019, 48, 4, 285-308.

18.Salhi, M., and Zebbiche, T. Gaseous imperfections effect on the supersonic flow
parameters for air in nozzles. 3" International Conference and Exhibition on
Mechanical & Aerospace Engineering, San Francisco, USA,05-07 Oct 2015,74.

19. Salhi, M., and Kirad, A. Roudane, M. Méthode des éléments finis en génie mécanique,
Simulations et applications. European Universities Publishing, ISBN : 978-613-9-
52187-6, 2019, 432.

20. Zebbiche, T. New Generalized Form of the Prandtl Meyer Function. Application for Air
at High Temperature. 25" Applied Aerodynamics Conference, San Francisco,
25-28 June 2007. AIAA-2006-3674.

HOBBII METOJI TU3AMHA JIUISI BLICOKHX YCJIOBHH,
MPUMEHSIEMBII HA COIIJIAX MUHUMAJIBHOM JJIMHBI

M. Pyaan, M. Canxu, A. Bymepur

AHHOTAIIUSA

Pesrome, HacTosimas pabora cocpenoToueHa Ha HOBOM METOIE MPOEKTH-
pOBaHUs COmell, OCHOBAHHOM Ha METOZAE XapaKTePUCTUK, KOTOPBIN MpPEACTaBIIsET
co00 TEXHHYECKUI METOH ISl CBEJIEHUS] YPaBHEHHS B YACTHBIX MPOM3BOIHBIX K
TUHEHHBIM U depeHaIbHbIM YPABHEHUSIM, TI0 KOTOPBIM PEIICHUE MOXKET OBITh
WHTETPUPOBAHO W3 HaydaubHBIX ycnoBuid. [locnmennumit Obul pazpaboTaH B COOT-
BETCTBHH C TEOPUEH PeasbHOrO ra3a, IoTOMY 4TO, KOTJa JaBJIeHUE U TeMIIepaTypa
ra3a yBEIMYHBAIOTCS, yleJbHAs TEIIOEMKOCTh M MX COOTHOIIEHHE OOJblle He
OCTaIOTCA MOCTOSHHBIMH M HAYMHAIOT U3MEHSTHCA B 3aBUCUMOCTH OT NapaMeTpPOB
ra3a. ['a3 He ocTaeTcs MAEAIBHBIM, U OH CTaHOBUTCSI HAcTOSIIUM rasom. llpen-
CTaBJICHHBIE YPABHEHHUS XapaKTEPUCTHK OCTAIOTCS B CHJIE HE3aBHCHMO OT 00JIacTH
Wi obnactu uccienoBaHus. Mcxons ©W3 MPENoONOXKEHHs, 4YTO ypaBHEHHUE
coctosiHus beptno yuuteiBaeT pasmep MosieKynd U 3(PQeKTh MEKMOIEKYISIPHBIX
CWJI, pa3paboTaHbl BRIPAKEHUS JJIS aHaIM3a CBEPX3BYKOBOTO IMOTOKA JUJISI TEPMU-
YeCKM W KaJJOPUYECKH HECOBEpIIEHHOro Tras3a. Paspemienne ObUTO BBITIOJIHEHO
METOJIOM KOHEYHBIX Pa3HOCTEH C MCIOJIb30BAHMEM aIrOpUTMa KOPPEKTOpa-Ipes-
ckazatens. B pesymbraTre Ha OCHOBE pa3padOTaHHOW MaTeMaTHYECKOHW MOJAEIH
CIPOEKTUPOBAHBI JBYXMEPHBIE COTINIA MUHIMAJIBLHOW JUIMHBI C YIETOM TTapaMeTpPOB
TOPMO>KEHHUS NOTOKA KUAKOCTH. CrenaHo cpaBHEHHE IS BO3AyXa C MACaTbHBIM
razoMm PG u BeicokoTemneparypabiMu Moaensmu HT, ¢ ogHO# cTOpOHBL, 1 Hamu
pe3ynbTaThl 0 TEOPHH PEaJbHOro Tas3a, C APYrod CTOPOHBI, AJIS COMelN. 3HA4H-
TEJIHHBIN TPUPOCT JUTMHBI U Beca MoxkeT gocturats 40% u 20% cooTBETCTBEHHO.
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